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Main Theme 
What is the convergence of sequences ? 
How do we characterize irrational numbers ? 
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Fact 
A convergent sequence is bounded. 
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Carl Friedrich Gauss 
Gauss 
Carl Friedrich Gauss (1777-1855) 
 German Mathematician and Physicist 
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   
 
   
   
           
 
         
 Composition of Rotations (8) 
cos( ) cos cos sin sin
sin( ) sin cos cos sin
     
     
  
  
 Addition Theorem (1) 
sin sin 2sin cos
2 2
sin sin 2cos sin
2 2
A B A BA B
A B A BA B
  
  
 Addition Theorem (2) 
cos cos 2cos cos
2 2
cos cos 2sin sin
2 2
A B A BA B
A B A BA B
  
  
 Addition Theorem (3) 
 
 
 
1sin sin cos( ) cos( )
2
1cos cos cos( ) cos( )
2
1sin cos sin( ) sin( )
2
A B A B A B
A B A B A B
A B A B A B
   
   
   
 Addition Theorem (4) 
 
 
2
2
1sin 1 cos2
2
1cos 1 cos2
2
sin 2 2sin cos
A A
A A
A A A
 
 

Addition Theorem (5) 
2
2
tan tantan( )
1 tan tan
11 tan
cos
A BA B
A B
A
A
 

 
 Addition Theorem (6) 


Left Elementary Transformations 
(1) Interchange two rows 
(2) Multiply a row by a non-zero constant 
(3) Add a row by a multiplied another row 
Gauss’ Method (1) 
( , ) ( , )A E E B⇒
Left Elemntary Transformations
Gauss’ Method (2) 
1
( , ) ( , ) ( , )C C C
C
A A
A E
E E
B
A
A E
C
B
B
B
−
= =
⇒
=
=
 =
⇒
⇒
=

(1) Interchange two rows 
0 0
0 1
1
0
1 0 0
 
 
 
 
 
Interchange two rows 
0 1
0 0 1
0
1 0 0
d
g h i
a b c
e f
d e
c
f
a
g h i
b
  
  
  
  
  
 
 =  
 
 
(2) Multiply a row by a non-zero constant 
0 0
0 1 0 , 0
0 0 1
λ
λ 
  ≠ 
 
 
Multiply a row by a non-zero constant 
0 0
0 1 0
0 0 1
d e f
g h i
d e f
g h i
a
a
b c
b cλ
λ λ λ
  
  
  
  
  
 
 =  
 
 
(3) Add a row by a multiplied another row 
1 0
0 1 0
0 0 1
λ 
 
 
 
 
Add a row by a multiplied another row 
0 1 0
1 0
0 0 1 g h i
d
d
e f
g
e f
h
a
i
a b
d b e
c
c f
λ
λ λ λ
  
  
  
  
  
 
 =  

+ +
 
+


Example 1 
3 0 1
0 1 0
5 1 2
A
− 
 =  
 − 
1 0 0
( ,
0 1
3
0
0 1
0 1 0
5 1 2 0
)
0 1
A E
− 
 =  

 −

Matrix after Left Elementary 
Transformations 
1
2 1 1
0
1 0 0
0 1 0
0
1 0
5 30 1 3
( , )E A−
 
 = 
− 
−


Inverse Matrix 
1
2 1 1
0 1 0
5 3 3
A−
−
−
 
 =  
 
 
Example 2 
2 0 1 0
0 1 1 2
1 0 1 0
0 1 1 3
A
 
 − − =
 
 
− 
1 0 0 0
( , )
2 0 1 0
0 1 1 2
1 0 1 0
0 1 1
0 1 0 0
0 0 1 0
0 0 0 13
EA
 
 − − =
 
 
− 
Matrix after Left Elementary 
Transformations 
1
1 0 1 0
1 3 2 2
1 0 2 0
0 1
1 0 0 0
0 1 0 0
0 0 1 0
0
(
0 0
, )
11 0
E A−
 
 
 =
 

−
− −

−

−

Inverse Matrix 
1
1 0 1 0
1 3 2 2
1 0 2 0
0 1 0 1
A−
 
 
 =
 
 
 
−
− − −
−


Example 
2 0 1 0
0 1 1 2
1 0 1 0
0 1 1 3
A
 
 − − =
 
 
− 
 1 行を 2 で割る 
 1                       0                       .5                      0  
 0                      -1                       1                      -2  
 1                       0                       1                       0  
 0                       1                      -1                       3  
 2 行から 1 行の 0 倍を引く 
 3 行から 1 行の 1 倍を引く 
 4 行から 1 行の 0 倍を引く 
 1                       0                       .5                      0  
 0                      -1                       1                      -2  
 0                       0                       .5                      0  
 0                       1                      -1                       3   
2 行を-1 で割る 
 1                       0                       .5                      0  
 0                       1                      -1                       2  
 0                       0                       .5                      0  
 0                       1                      -1                       3  
 1 行から 2 行の 0 倍を引く 
 3 行から 2 行の 0 倍を引く 
 4 行から 2 行の 1 倍を引く 
 1                       0                       .5                      0  
 0                       1                      -1                       2  
 0                       0                       .5                      0  
 0                       0                       0                       1  
 3 行を .5 で割る 
 1                       0                       .5                      0  
 0                       1                      -1                       2  
 0                       0                       1                       0  
 0                       0                       0                       1  
 1 行から 3 行の .5 倍を引く 
 2 行から 3 行の-1 倍を引く 
 4 行から 3 行の 0 倍を引く 
 1                       0                       0                       0  
 0                       1                       0                       2  
 0                       0                       1                       0  
 0                       0                       0                       1  
 4 行を 1 で割る 
 1                       0                       0                       0  
 0                       1                       0                       2  
 0                       0                       1                       0  
 0                       0                       0                       1  
 1 行から 4 行の 0 倍を引く 
 2 行から 4 行の 2 倍を引く 
 3 行から 4 行の 0 倍を引く  
B 
 1                       0                      -1                       0  
-1                      -3                       2                      -2  
-1                       0                       2                       0  
 0                       1                       0                       1  
Inverse Matrix 
1 0 1 0
1 3 2 2
1 0 2 0
0 1 0 1
B
 
 
 =
 
 
 
−
− − −
−

System of Linear Equations 
ax by
cx dy
α
β
+ =
+ =
Coefficient Matrix 
d
A
a b
c
 
=  
 
Enlarged Coefficient Matrix 
b
A
a
c d
α
β
 
=  
 

Idea of Rank (1) 
y
y
a b
c d
a b
c d
y
x
x
x
α
β
α
β
+ =
 + =
⇔
     
+ =     
     
Idea of Rank (2) 
rank rank 
x
x
A
b
y
a
c
A
d
y α
β
+ =
 + =
=
⇔


Definition of Rank 
11 12 1
21 22 2
1 2
m
m
n n nm
a a a
a a a
A
a a a
 
 
 
 =
 
 
 

⋅ ⋅
⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅
⋅ 
⋅
⋅
⇒
Left Elemntary Transformations
1 1 1
2 1 2
1
0
0 0
0 0 0 0
0 0 0 0
0
1
1
01 r n
r n
rr rn
c c
c c
c c
+
+
+
⋅ ⋅⋅ 
 ⋅ ⋅ ⋅⋅ 
 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅
 
⋅ ⋅⋅ 
 ⋅ ⋅ ⋅⋅
 
⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅ 
 ⋅ ⋅ ⋅⋅ 
rank 1A = Number of 
Matrix after Left Elementary 
Transformations (Echelon Form) 
Geometrical Meaning of Rank 
Rank of Matrices
Placement of Lines and Planes
Matrix Representation Original Form 
1 2 1 1
2 4 1 1
1 3 1 2
A
− − 
 = − − 
 
 
Example 1 
rank 3A =
Matrix after Left Elementary 
Transformations 
0 0 2
0 1
0
1
0 1 1
0
1 − 
 
 
 
 
03 23 4
11 3 2 2
1 2 2 3 1
1 3 2 4 1
A
− − 
 
 =
 
 
− 
Example 2 
00 1 7
0 10
00
000 0
2
1
1
1
1
0
0
 
 − 
 −
 
 
rank 3A =
Matrix after Left Elementary 
Transformations 


Example 1 
03 23
11 3 2
1 2 2 3
1 3 2 4
A
− 
 
 =
 
 
 
2 行と 1 行を入れ替える 
 1  1  3  2  
 0  3 -2  3  
 1  2  2  3  
 1  3  2  4  
 
 2 行を 1 倍し， 1 行の 0 倍を引く 
 3 行を 1 倍し， 1 行の 1 倍を引く 
 4 行を 1 倍し， 1 行の 1 倍を引く 
 1  1  3  2  
 0  3 -2  3  
 0  1 -1  1  
 0  2 -1  2  
 
 3 行を 3 倍し， 2 行の 1 倍を引く 
 4 行を 3 倍し， 2 行の 2 倍を引く 
 1  1  3  2  
 0  3 -2  3  
 0  0 -1  0  
 0  0  1  0  
 
 4 行を-1 倍し， 3 行の 1 倍を引く 
 1  1  3  2  
 0  3 -2  3  
 0  0 -1  0  
 0  0  0  0  
 
Rank A = 3 
0 0 1
0 1
0
0
0 0
0 0 0
1
1
1
0
 
 
 
 
 
 
rank 3A =
Matrix after Left Elementary 
Transformations 
Example 2 
03 23 4
11 3 2 2
1 2 2 3 1
1 3 2 4 1
B
− − 
 
 =
 
 
− 
2 行と 1 行を入れ替える 
 1  1  3  2  2  
 0  3 -2  3 -4  
 1  2  2  3  1  
 1  3  2  4 -1  
 
 2 行を 1 倍し， 1 行の 0 倍を引く 
 3 行を 1 倍し， 1 行の 1 倍を引く 
 4 行を 1 倍し， 1 行の 1 倍を引く 
 1  1  3  2  2  
 0  3 -2  3 -4  
 0  1 -1  1 -1  
 0  2 -1  2 -3  
 
 3 行を 3 倍し， 2 行の 1 倍を引く 
 4 行を 3 倍し， 2 行の 2 倍を引く 
 1  1  3  2  2  
 0  3 -2  3 -4  
 0  0 -1  0  1  
 0  0  1  0 -1  
 
 4 行を-1 倍し， 3 行の 1 倍を引く 
 1  1  3  2  2  
 0  3 -2  3 -4  
 0  0 -1  0  1  
 0  0  0  0  0  
 
Rank B = 3 
00 1 7
0 10
00
000 0
2
1
1
1
1
0
0
 
 − 
 −
 
 
rank 3B =
Matrix after Left Elementary 
Transformations 
Example 3 
1 2 3 4
2 3 1 1
3 4 7 10
C
− − 
 =  
 − − 
2 行を 1 倍し， 1 行の 2 倍を引く 
 3 行を 1 倍し， 1 行の 3 倍を引く 
 1 -2 -3  4  
 0  7  7 -7  
 0  2  2 -2  
 
 3 行を 7 倍し， 2 行の 2 倍を引く 
 1 -2 -3  4  
 0  7  7 -7  
 0  0  0  0  
 
Rank C = 2 
0 1 2
1 10
0 0 0 0
1
1
− 
 − 
 
 
rank 2C =
Matrix after Left Elementary 
Transformations 
03 23 4
11 3 2 2
1 2 2 3 1
1 3 2 4 1
D
− − 
 
 =
 
 
− 
Example 4 
00 1 7
0 10
00
000 0
2
1
1
1
1
0
0
 
 − 
 −
 
 
rank 3D =
Matrix after Left Elementary 
Transformations 

Idea of Linear Algebra 
System of Linear Equations
Placement of Lines
Matrix Representation Original Form 
One-Point 
Parallel Two 
Lines 
Superposed 
Two Lines 
rank rank 2A A= =
rank 1 rank 2A A= < =
rank rank 1 2A A= = <
Classification of Intersections 
rank rank rank 1A A A≤ ≤ +
Equation of a Line (1) 
ax by c+ =
Equation of a Line (2) 
inner product
a x
c
b y
   
=   
   

One-Point Intersection 
2 3 3
3 8 17
x y
x y
+ =
− =
rank rank 2A A= =
One-Point Intersection 
Coefficient Matrix 
2 3
3 8
A  =  
 −
Enlarged Coefficient Matrix 
3
1
2 3
3 8 7
A  =  
 − 

Unique Solution 

2 3 3
3 817
0 3
10
1
1
A  =  − 
⇒
 
 − 
rank rank 2A A= =
Parallel Two Lines 
2 2
2 3
x y
x y
+ =
+ =
rank 1 rank 2A A= < =
Parallel Two Lines 
Coefficient Matrix 
12
12
A  =  
 
Enlarged Coefficient Matrix 
2
3
12
12
A  =  
 

No Solution 

0 0
1
1
1 2 2
1 2 3
2 0
A  =  
 
⇒
 
 
 
(Impossible)
rank 1 rank 2A A= < =
Superposed Two Lines 
6 2 8
3 4
x y
x y
− = −
− = −
Superposed Two Lines 
rank rank 1 2A A= = <
Coefficient Matrix 
6 2
3 1
A  =  

−
−
Enlarged Coefficient Matrix 
2
1 4
6
3
8
A
− 
=  

−
− − 

Many Solutions 

6 2 8
3 1 4
1/ 3 4 / 31
0 0 0
A
− − 
=  − − 
⇒
− − 
 
 
(Indefinite)
rank rank 1 2A A= = <

System of Linear Equations 
1 1 1
2 2 2
3 3 3
a x b y c z
a x b y c z
a x b y c z
α
β
γ
+ + =
+ + =
+ + =
Equation of a Plane (1) 
ax by cz d+ + =
Equation of a Plane (2) 
inner product
a x
b y d
c z
   
    =   
   
   

Plane 
y
x
z
Geometrical Meaning of Rank 
Rank of Matrices
Placement of Planes
Matrix Representation Original Form 
Classification of Intersections 
One-Point 
One Line 
Parallel Two Lines 
Parallel Three Lines 
Superposed Three 
Planes 
Parallel Two Planes 
Parallel Three Planes 
rank rank 3A A= =
rank rank 2 3A A= = <
rank 2 rank 3A A= < =
rank rank 1 3A A= = <
rank 1 rank 2A A= < =
rank rank rank 1A A A≤ ≤ +
Classification of Intersections 
One-Point 
One Line 
Parallel Two Lines 
Parallel Three Lines 
Superposed Three 
Planes 
Parallel Two Planes 
Parallel Three Planes 
rank rank 3A A= =
rank rank 2 3A A= = <
rank 2 rank 3A A= < =
rank rank 1 3A A= = <
rank 1 rank 2A A= < =
rank rank rank 1A A A≤ ≤ +
One-Point Intersection 
2 3 3
2 2 1
2
x y z
x y z
x y z
+ − = −
− + + =
+ − = −
rank rank 3A A= =
One-Point Intersection 
1, 1, 2x y z= = − =
2 3 4
2 3 1
3 4 7 10
x y z
x y z
x y z
− − =
+ + =
− − =
One-Line Intersection 
rank rank 2 3A A= = <
One-Line Intersection 
2 , 1 ,x t y t z t= + = − − =
2 3 4
2 3 4
3 4 7 10
x y z
x y z
x y z
− − =
+ + =
− − =
Parallel Two-Lines Intersection 
rank 2 rank 3A A= < =
Parallel Two-Lines Intersection 
3 1
3 3 9 3
3 0
x y z
x y z
x y z
− + =
− + =
− + =
Parallel Two Planes 
rank 1 rank 2A A= < =
Parallel Two Planes 
2 3 10
2 3 20
2 3 30
x y z
x y z
x y z
+ + =
+ + =
+ + =
Parallel Three Planes 
rank 1 rank 2A A= < =
Parallel Three Planes 
2 3 20
2 4 6 40
3 6 9 60
x y z
x y z
x y z
+ + =
+ + =
+ + =
Superposed Three Planes 
rank rank 1 3A A= = <
Superposed Three Planes 

General Form 
1
n
ij j i
j
ba x
=
=∑
Direct Solution 
1 4
2 4
3
4
7
2
1
x x
x x
x
x α
+ =
+ = −
= −
= Indefinite（ ）
2 3 4
1 2 3 4
1 2 3 4
1 2 3 4
3 2 3 4
3 2 2
2 2 3 1
3 2 4 1
x x x
x x x x
x x x x
x x x x
− + = −
+ + + =
+ + + =
+ + + = −
Transformation of Equations 

Original Form 
1
n
ij j i
j
ba x
=
=∑
Idea of Gauss 
J =x c
( , ) ( , )A A J J⇒= =
Left Elemntary Transformations
b c 
Matrix  
Representation 
Original Form 
A =x b
Matrix Representation (1) 
111 12 1
21 22 2
1
1
22
2
n
n
n n nn nn
b
b
b
a a a
a a
x
x
x
a
a a a
    
    
    
    =
  
⋅
 
    
    
 
⋅
⋅ ⋅
⋅ ⋅
⋅ ⋅ ⋅ ⋅
  
⋅
⋅ ⋅⋅ ⋅ ⋅⋅ ⋅
⋅ ⋅
Matrix Representation (2) 
11 12 1
21 22 2
1 2
n
n
n n nn
a a a
a
A
a a
a a a
⋅ ⋅
⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅
 
 
 
 =

⋅ ⋅ ⋅
⋅ ⋅

 
 
 
Matrix Representation (3) 
2
1
2
1
,
n n
bx
bx
x b
⋅
⋅
⋅
⋅
   
   
   
   = =
   
   
   
   
x b
Matrix Representation (4) 
1
n
ij j i
j
ba x
=
=∑
A =x b
Coefficient Matrix 
11 12 1
21 22 2
1 2
n
n
n n nn
a a a
a a a
A
a a a
⋅ ⋅
⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅
 
 
 
 =

⋅ ⋅ ⋅
⋅ ⋅

 
 
 
Enlarged Coefficient Matrix 
11 12 1
2
1
21 22 2
1 2
n
n
n nn nn
a a a
a a a
a
b
b
A
ba a
 
 
 
 =
⋅ ⋅
⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅
 
 
 

⋅
⋅


Left Elementary Transformations 
(1) Interchange two rows 
(2) Multiply a row by a non-zero constant 
(3) Add a row by a multiplied another row 
1 1 1 1
2 1 2 2
1
0
0 0
0 0 0 0 0
0 0 0 0 0
0
1
01
1
r n
r n
rr rn r
c c d
c c d
c c d
+
+
+
⋅ ⋅⋅ 
 ⋅ ⋅ ⋅⋅ 
 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅ ⋅
 
⋅ ⋅⋅ 
 ⋅ ⋅ ⋅⋅
 
⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅ ⋅ 
 ⋅ ⋅ ⋅⋅ 
Matrix after Left Elementary 
Transformations 
Equation after Left Elementary 
Transformations 
11
1
1
1 1 11
2
1
1
1
2 1 2 2
1
1
0 0 0 0
0 0 0 0
0
0
r n
r n
rr
r n
r n
r n
r n
r n
r
r
nr r
r
x x
x x
x x
x
x
x
x x
c c d
c c d
c c
x x
x x
x x
d
+
+
+
+
+
+
+
+
+ + ⋅⋅+ =
+ + ⋅⋅+ =
⋅⋅⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
+ + ⋅⋅+ =
+ ⋅⋅+ + + ⋅⋅+
⋅⋅⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
 + ⋅⋅






+ + + ⋅⋅+
=
 =

Example (n=3) 
1 2 3
1 2 3
1 2 3
2 1
2 4 1
3 2
x x x
x x x
x x x
+ − = −
+ − = −
+ + =
1 2 1
2 4 1
1 3 1
A
− 
= − 
 
 
Coefficient Matrix 
1 2 1
2 4
1 1 23
11
1
A
− 
 =  
 
−
−
 
−
Enlarged Coefficient Matrix 
rank rank 3A A= =
Matrix after Left Elementary 
Transformations 
0 0 2
0 1
0
1
0 1 1
0
1 − 
 
 
 
 
12
3
2
1
1
1 0 0
0 1 0
0 0 1
x
x
x
    
    =    
    
    
−
Equation after Left Elementary 
Transformations 
Unique Solution 
1
2
3
2
1
1
x
x
x
   
   =   
  

−

  
Example (n=4) 
2 3 4
1 2 3 4
1 2 3 4
1 2 3 4
3 2 3 4
3 2 2
2 2 3 1
3 2 4 1
x x x
x x x x
x x x x
x x x x
− + = −
+ + + =
+ + + =
+ + + = −
General Solution 
1 4
2 4
3
4
7
2
1
x x
x x
x
x α
+ =
+ = −
= −
= Indefinite（ ）
03 23
11 3 2
1 2 2 3
1 3 2 4
A
 

−

 =
 
 
 
Coefficient Matrix 
03 23
11 3 2
1 2 2 3
1 3
1
2
4
2
14
A
− 
 
 =
 
 
 −
−


Enlarged Coefficient Matrix 
00 1 7
0 10
00
000 0
2
1
1
1
1
0
0
 
 − 
 −
 
 
rank rank 3 4A A= = <
Matrix after Left Elementary 
Transformations 
12
3
4
00 1 7
0 0 1 2
00 0 1
00
1
1
0 0 0
1
x
x
x
x
    
    −    =
    −
        
    
Equation after Left Elementary 
Transformations 
12
3
4
4
41 2 3
7
2
1
0 0 0 0 0
x
x
x
x
x
x x x x
+ =
+ = −
= −
+ + + =
General Solution 
1
2
3
4
1
1
2 1
7
01
0
x
x
x
x
α
     
     
     = +
     
         
 
−
−

−

−

Matrix Form 
1 1 0
1
1 1 0
1
4 10 , 3
3 7 , 1
4 10
3 7
n n n
n n n
n n
n n
x x y x
y x y y
x x
y y
− −
−
−
−
−
 
= + =
= − − =
⇒
 
   
 
 
− − 
= 



Linear Case 
dx ax by
dt
dy cx dy
dt
 = +

 = +

Matrix Form 
( )
( ) ,
( )
( )d
d
a b
A
x t
U t
y t
U U t
t
c d
A
 
=
 
=  
 
=

 
⇒

Example 
4 10 , (0) 3
3 7 , (0) 1
dx x y x
dt
dy x y y
dt
= + =
= − − =
Matrix Form 
4( ) 10
:
3 7
( ) : ,
( )
( )
x t
U
d
dt
At
y t
AU U t
 
= 
 
=  
 − 
=
−
⇒


Diagonalization 
1
4 10 2 5
1 0
0 2
,
3 7 1 3
A
P
P
AP−
− −   
= =   − −   
− 
Λ =  −
=

⇒
Reduction (1) 
1
( )
( )
( )
3 5 ( )
1
)
2
(
( )
z t
w t
P U t
x t
y
V t
t
−
 
 
 
=
− −  
=   
  
=
Reduction (2) 
( )
1 1
1
1
( )
( ) (
2
(
)
0
)
0
d dUP P AU t
dt dt
V
V
V t
A t VP tP−
− −= =
Λ
− 
 − 
=
= =
Reduction (3) 
1
2
(0) (0) 3 5 3
(0) (0) 1 2 1
14
5
dz z
dt
dw w
dt
z x
P
w y
−
 = −

 = −

− −      
= =      
      
− 
=  
 
Reduction (4) 
2
, (0) 14
2 , (0) 5
( ) 14
( ) 5
t
t
dz z z
dt
dw w w
dt
z t e
w t e
−
−
 = − = −

 = − =

⇒
 − 
=        
Solution 
2
2
2
( )
( )
14
5
28
( )
(
25
14 15
)
2 5
1 3
t
t
t t
t t
z t
w t
e
e
x t
t
P
e
y
e e
e
−
−
− −
− −
 
=  
 
 −
=   
− − 
 

 
 
 
 
 −
= 
+

 − 
Stable Node 

Quadratic Form of Two Variables 
2 2
( , )
2
z f x y
ax bxy cy
=
= + +
Matrix Form 
2 2
2 2
( , )
2
2
,
z f x y
ax bxy cy
ax bxy cy
a b
b
x x
yc y
 
 
   
   
 
=
= + +
⇒
+ +
  
=
Example 1 
2 2
2 2
3 1
( , )
3 2
3 2
,
1 3
3
3
z f x
x x
y
y
x xy y
x xy y
y
− 

   
   
 
=
−
=

− +
⇒
− +
=
 
3 1
1 3
A
− 
=  − 
Eigenvalues 4 2,：
Signature of Eigenvalues 
2 22z x y= + （ellipse）
Example 2 
2 2
2 2
1 3
( ,
3 1
,
)
6
6
z f x y
x xy y
x x
y y
x xy y
− 
 −
   
   
 
=
= − +
⇒
− +
  
=
1 3
3 1
A
− 
=  − 
Eigenvalues 4 - 2,：
Signature of Eigenvalues 
2 22 4z x y= − + （hyperbola）
Example 3 
2 2
2 2
( , )
4
4 2
1
,
4
4
2
4
x
z f x y
x xy y
x xy y
x
y y
=
= − +
⇒
− +
=
   
 
−
 
  
 
−  

4 2
2 1
A
− 
=  − 
Eigenvalues 5 0,：
Signature of Eigenvalues 
25 5z y x= + （parabola）


Linear Case 
dx ax by
dt
dy cx dy
dt
 = +

 = +

Matrix Form 
( )
( ) : ,
( )
( )
:
( )
ax t
U t
y t
U t
b
A
c d
Ad
d
U t
t
  
=  
 
⇒
=
=  
 



Example 1 (Unstable Node) 
2
2 0
0 1
dx x
dt
dy y
dt
A
 =

 =

 
=  
 
Signature of Eigenvalues 
2 0
0 1
1,2
A  =  
 
Eigenvalues： 
Unstable Node 
Example 2 (Saddle Point) 
1 0
0 1
dx x
dt
dy y
dt
A
 =

 = −

 
=  − 
1 0
0 1
, 11
A  =  
−
− 
Eigenvalues： 
Signature of Eigenvalues 
Saddle Point 
Example 3 (Unstable Node) 
3 2
1 0
3 2
dx x
dt
dy x y
dt
A
 =

 = +

 
=  
 
1 0
3 2
2,1
A  =  
 
Eigenvalues： 
Signature of Eigenvalues 
Unstable Node 
Example 4 (Stable Node) 
2 1.5
5.5
2 1.5
1 5.5
dx x y
dt
dy x y
dt
A
 = − −

 = −

− − 
=  − 
2 1.5
1 5.
,2.5 5
5
A
− −
− −

=  − 
Eigenvalues： 
Signature of Eigenvalues 
Stable Node 
Example 5 (Saddle Point) 
2 2
2 3
2 2
2 3
dx x y
dt
dy x y
dt
A
 = − +

 = − +

− 
=  − 
2 2
2 3
2, 1
A
− 
=  − 
−Eigenvalues： 
Signature of Eigenvalues 
Saddle Point 
Example 6 (Unstable Node) 
2
2
2 1
0 2
dx x y
dt
dy y
dt
A
 = +

 =

 
=  
 
2 1
0 2
2,2
A  =  
 
Eigenvalues： 
Signature of Eigenvalues 
Unstable Node 
Example 7 (Center) 
2
1 2
1 1
dx x y
dt
dy x y
dt
A
 = +

 = − −

 
=  − − 
1 2
1 1
,1 1
A  =  − −
−

− −Eigenvalues： 
Signature of Eigenvalues 
Center 
Example 8 (Unstable Focus) 
2
1 1
2 1
dx x y
dt
dy x y
dt
A
 = +

 = − +

 
=  − 
1 1
2 1
1 12 2,i i
A  =  − 
+ −Eigenvalues： 
Signature of Eigenvalues 
Unstable Node 
Example 9 (Degenerate Node) 
2 2
3 3
2 2
3 3
dx x y
dt
dy x y
dt
A
 = +

 = +

 
=  
 
2 2
3 3
5,0
A  =  
 
Eigenvalues： 
Signature of Eigenvalues 
Degenerate Node 

Definition of Rank 
11 12 1
21 22 2
1 2
m
m
n n nm
a a a
a a a
A
a a a
 
 
 
 =
 
 
 

⋅ ⋅
⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅
⋅ 
⋅
⋅
⇒
Left Elemntary Transformations
1 1 1
2 1 2
1
0
0 0
0 0 0 0
0 0 0 0
0
1
1
01 r n
r n
rr rn
c c
c c
c c
+
+
+
⋅ ⋅⋅ 
 ⋅ ⋅ ⋅⋅ 
 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅
 
⋅ ⋅⋅ 
 ⋅ ⋅ ⋅⋅
 
⋅ ⋅ ⋅ ⋅ ⋅ ⋅⋅ ⋅ 
 ⋅ ⋅ ⋅⋅ 
rank 1A = Number of 
Matrix after Left Elementary 
Transformations 
Geometrical Meaning of Rank 
Rank of Matrices
Placement of Lines and Planes
Matrix Representation Original Form 



Example 1 
03 23
11 3 2
1 2 2 3
1 3 2 4
A
− 
 
 =
 
 
 
2 行と 1 行を入れ替える 
 1  1  3  2  
 0  3 -2  3  
 1  2  2  3  
 1  3  2  4  
 
 2 行を 1 倍し， 1 行の 0 倍を引く 
 3 行を 1 倍し， 1 行の 1 倍を引く 
 4 行を 1 倍し， 1 行の 1 倍を引く 
 1  1  3  2  
 0  3 -2  3  
 0  1 -1  1  
 0  2 -1  2  
 
 3 行を 3 倍し， 2 行の 1 倍を引く 
 4 行を 3 倍し， 2 行の 2 倍を引く 
 1  1  3  2  
 0  3 -2  3  
 0  0 -1  0  
 0  0  1  0  
 
 4 行を-1 倍し， 3 行の 1 倍を引く 
 1  1  3  2  
 0  3 -2  3  
 0  0 -1  0  
 0  0  0  0  
 
Rank A = 3 
0 0 1
0 1
0
0
0 0
0 0 0
1
1
1
0
 
 
 
 
 
 
rank 3A =
Matrix after Left Elementary 
Transformations 
Example 2 
03 23 4
11 3 2 2
1 2 2 3 1
1 3 2 4 1
B
− − 
 
 =
 
 
− 
2 行と 1 行を入れ替える 
 1  1  3  2  2  
 0  3 -2  3 -4  
 1  2  2  3  1  
 1  3  2  4 -1  
 
 2 行を 1 倍し， 1 行の 0 倍を引く 
 3 行を 1 倍し， 1 行の 1 倍を引く 
 4 行を 1 倍し， 1 行の 1 倍を引く 
 1  1  3  2  2  
 0  3 -2  3 -4  
 0  1 -1  1 -1  
 0  2 -1  2 -3  
 
 3 行を 3 倍し， 2 行の 1 倍を引く 
 4 行を 3 倍し， 2 行の 2 倍を引く 
 1  1  3  2  2  
 0  3 -2  3 -4  
 0  0 -1  0  1  
 0  0  1  0 -1  
 
 4 行を-1 倍し， 3 行の 1 倍を引く 
 1  1  3  2  2  
 0  3 -2  3 -4  
 0  0 -1  0  1  
 0  0  0  0  0  
 
Rank B = 3 
00 1 7
0 10
00
000 0
2
1
1
1
1
0
0
 
 − 
 −
 
 
rank 3B =
Matrix after Left Elementary 
Transformations 
Example 3 
1 2 3 4
2 3 1 1
3 4 7 10
C
− − 
 =  
 − − 
2 行を 1 倍し， 1 行の 2 倍を引く 
 3 行を 1 倍し， 1 行の 3 倍を引く 
 1 -2 -3  4  
 0  7  7 -7  
 0  2  2 -2  
 
 3 行を 7 倍し， 2 行の 2 倍を引く 
 1 -2 -3  4  
 0  7  7 -7  
 0  0  0  0  
 
Rank C = 2 
0 1 2
1 10
0 0 0 0
1
1
− 
 − 
 
 
rank 2C =
Matrix after Left Elementary 
Transformations 
03 23 4
11 3 2 2
1 2 2 3 1
1 3 2 4 1
D
− − 
 
 =
 
 
− 
Example 4 
00 1 7
0 10
00
000 0
2
1
1
1
1
0
0
 
 − 
 −
 
 
rank 3D =
Matrix after Left Elementary 
Transformations 

General Form (n=2) 
ax by
cx dy
α
β
+ =
+ =
Matrix Representation 
x
y
a b
c d
α
β
    
=    
    
Coefficient Matrix 
d
A
a b
c
 
=  
 
Enlarged Coefficient Matrix 
b
A
a
c d
α
β
 
=  
 

Idea of Rank (1) 
y
y
a b
c d
a b
c d
y
x
x
x
α
β
α
β
+ =
 + =
⇔
     
+ =     
     
Idea of Rank (2) 
rank rank 
x
x
A
b
y
a
c
A
d
y α
β
+ =
 + =
=
⇔


Geometrical Meaning of Rank 
Rank of Matrices
Placement of Lines
Matrix Representation Original Form 
One-Point 
Parallel Two 
Lines 
Superposed 
Two Lines 
rank rank 2A A= =
rank 1 rank 2A A= < =
rank rank 1 2A A= = <
Classification of Intersections 
rank rank rank 1A A A≤ ≤ +
Equation of a Line 
ax by c+ =
One-Point Intersection 
2 3 3
3 8 17
x y
x y
+ =
− =
Coefficient Matrix 
2 3
3 8
A  =  
 −
Enlarged Coefficient Matrix 
3
1
2 3
3 8 7
A  =  
 − 

Unique Solution 

2 3 3
3 817
0 3
10
1
1
A  =  − 
⇒
 
 − 
rank rank 2A A= =
rank rank 2A A= =
One-Point Intersection 
Parallel Two Lines 
2 2
2 3
x y
x y
+ =
+ =
Coefficient Matrix 
12
12
A  =  
 
Enlarged Coefficient Matrix 
2
3
12
12
A  =  
 

No Solution 

0 0
1
1
1 2 2
1 2 3
2 0
A  =  
 
⇒
 
 
 
(Impossible)
rank 1 rank 2A A= < =
rank 1 rank 2A A= < =
Parallel Two Lines 
Superposed Two Lines 
6 2 8
3 4
x y
x y
− = −
− = −
Coefficient Matrix 
6 2
3 1
A  =  

−
−
Enlarged Coefficient Matrix 
2
1 4
6
3
8
A
− 
=  

−
− − 

Many Solutions 

6 2 8
3 1 4
1/ 3 4 / 31
0 0 0
A
− − 
=  − − 
⇒
− − 
 
 
(Indefinite)
rank rank 1 2A A= = <
Superposed Two Lines 
rank rank 1 2A A= = <
General Form (n=3) 
ax by cz
dx ey fz
gx hy kz
α
β
γ
+ + =
+ + =
+ + =
Matrix Representation 
x
y
z
a b c
d e f
g h k
α
β
γ
    
    =    
    
    
Coefficient Matrix 
a b c
A d e f
g h k
 
 =  
 
 
Enlarged Coefficient Matrix 
a b c
d e f
g h k
A
α
β
γ
 
 =  
 
 


Idea of Linear Algebra 
System of Linear Equations
Placement of Planes
Matrix Representation Original Form 
Classification of Intersections 
rank rank rank 1A A A≤ ≤ +
One-Point 
Parallel Two Lines 
Superposed Two Lines 
rank rank 2A A= =
rank 1 rank 2A A= < =
rank rank 1 2A A= = <
Classification of Intersections 
One-Point 
One Line 
Parallel Two Lines 
Parallel Three Lines 
Superposed Three 
Planes 
Parallel Two Planes 
Parallel Three Planes 
rank rank 3A A= =
rank rank 2 3A A= = <
rank 2 rank 3A A= < =
rank rank 1 3A A= = <
rank 1 rank 2A A= < =
rank rank rank 1A A A≤ ≤ +

Plane 
y
x
z
One-Point Intersection 
2 3 4
2 3 4 4
3 4 7 10
x y z
x y z
x y z
− − =
+ + =
− − =
rank rank 3A A= =
One-Point Intersection 
2 3 4
2 3 1
3 4 7 10
x y z
x y z
x y z
− − =
+ + =
− − =
One-Line Intersection 
rank rank 2 3A A= = <
One-Line Intersection 
3 6 9 60
2 4 6 40
2 7 3 13
x y z
x y z
x y z
+ + =
− + =
+ − =
Three-Lines Intersection 
rank 2 rank 3A A= < =
Three-Lines Intersection 
2 3 1
2 3 4
3 4 7 10
x y z
x y z
x y z
− − =
− − =
− − =
Parallel Two-Lines Intersection 
rank 2 rank 3A A= < =
Parallel Two-Lines Intersection 
Parallel Three-Lines Intersection 
3 6 9 60
2 7 3 13
3 9 0
x y z
x y z
x y
+ + =
+ − =
+ =
rank 2 rank 3A A= < =
Parallel Three-Lines Intersection 
3 1
3 3 9 3
3 0
x y z
x y z
x y z
− + =
− + =
− + =
Parallel Two Planes 
rank 1 rank 2A A= < =
Parallel Two Planes 
3 1
3 0
3 1
x y z
x y z
x y z
− + =
− + =
− + = −
Parallel Three Planes 
rank 1 rank 2A A= < =
Parallel Three Planes 
3 1
3 3 9 3
2 2 6 2
x y z
x y z
x y z
− + =
− + =
− + =
Superposed Three Planes 
rank rank 1 3A A= = <
Superposed Three Planes 
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Jordan’s Canonical Form (1) 
1 1, ( )AP P P AP P− −= = ⇒ =y b x y y b
Change of Bases Original Form 
A =x b
Jordan’s Canonical Form (2) 
1 1, ,J J P AP P− −= = =y c c b
Change of Bases Original Form 
A =x b

General Form (n=3) 
ax by cz
dx ey fz
gx hy iz
α
β
γ
+ + =
+ + =
+ + =
Matrix Representation (1) 
a b c
A d e f
g h i
 
 =  
 
 
Matrix Representation (2) 
,
x
y
z
α
β
γ
   
   = =   
   
   
x b
Matrix Representation (3) 
A =x b
ax by cz
dx ey fz
gx hy iz
α
β
γ
+ + =
+ + =
+ + =
Patterns of Simultaneous Linear Equations
x
y
z
λ α
µ β
ν γ
=
=
=
x y
y
z
λ α
λ β
ν γ
+ =
=
=
x y
y z
z
λ α
λ β
ν γ
+ =
+ =
=
Matrix Representation 
x
y
z
a b c
d e f
g h i
α
β
γ
    
    =    
    
    
Jordan Canonical Form 1 
1
0 0
0 0
0 0
J P AP
λ
µ
ν
−
 
 = =  
 
 
a b c
A d e f
g h i
 
 =  
 
 
Pattern 1 
0 0
0 0
0 0
x
y
z
λ
µ
ν
α
β
γ
    
    =    
    
    
3 1 1 1= + +
Simultaneous Linear Equation 1
x
y
z
λ α
µ β
ν γ
=
=
=
Jordan Canonical Form 2 
1
0
0 0
0 0
1
J P AP
ν
λ
λ−
 
 = =  
 
 
a b c
A d e f
g h i
 
 =  
 
 
01 0
0 0
0
x
y
zν
λ
λ
α
β
γ
    
    =    
    
    
3 2 1= +
Pattern 2 
x y
y
z
λ α
λ β
ν γ
+ =
=
=
Simultaneous Linear Equation 2
Jordan Canonical Form 3 
1
1
1
0
0
0 0
J P AP
λ
λ
λ
−
 
 = =  
 
 
a b c
A d e f
g h i
 
 =  
 
 
01 0
0
0
1
x
y
z
λ
λ
λ
α
β
γ
    
    =    
    
    
3 3=
Pattern 3 
x y
y z
z
λ α
λ β
ν γ
+ =
+ =
=
Simultaneous Linear Equation 3


01
"( ) 2 '( ) ( ) 0,
(0) ,
'(0)
u t bu t cu t
u u
u u
+ + =
 =
 =
Second-Order Case 

General Solution（１） 
2/ 4 0D b c= − >
( )2 2( )
, :
bt t b c t b cu t e Ae Be
A B
− − − −= +
Constants
Example 
''( ) ( )
(0) '(0) 0
1( ) ( )
2
t tx
x t x t t
x x
t e e t−
− =
 = =
= − −Solution：
General Solution（２） 
2/ 4 0D b c= − <
( )2 2( ) cos sin
, :
btu t e A c b t B c b t
A B
−= − + −
Constants
Euler’s Formula 
cos sinie iθ θ θ= +
General Solution（３） 
2/ 4 0D b c= − =
( )( )
, :
btu t e At B
A B
−= +
Constants

2 3
1
1! 2! 3!
!
x
n
x x xe
x
n
    
 
Exponential Function 
Main Idea 
"( ) 2 '( ) ( ) 0u t bu t cu t+ + =
( ) ( ) tAdU t AU t e
dt
= ⇒ Calculation of 
Matrix Representation Original Form 
"( ) 2 '( ) ( ) 0u t bu t cu t+ + =
Solution (1) 
1
2
( ) ( ),
( ) '( )
u t u t
u t u t
=
 =
1 2
2
2 1
( ) '( ) ( ),
( ) "( ) 2 '( ) ( )
2 ( ) ( )
u t u t u t
u t u t bu t cu t
bu t cu t
′ = =
 ′ = = − −
 = − −
Solution (2) 
1 1
2 2
1 0
2 1
( ) ( )
,
( ) ( )
(0)
0 1
(0)
2
u t u td
u t u tdt
u u
u u
c b
     
=     
     

    =      
− −
Solution (3) 
1
2
( )
( )
0 1
(
2
)
u t
U t
u
c b
t
A
 
=
 
=  − −
 



0
,
(0
(
)
) ( )d
dt
U U
U t U tA =

 =
Solution (4) 
0( )
tAeU t U=
2( ) ( )
2! !
n
tA tA tAI tA
n
e = + + + ⋅⋅⋅+ + ⋅⋅⋅
Exponential Matrix（ ）


Calculation (1) 
21 2
2
I A b c
c b
λ
λ λ λ
λ
−
− = = + +
+
0 1
2
A
c b
 
=  − − 
Calculation (2) 
2/ 4 0D b c= − ≠Case :
2
1
2
2
,b b c
b b c
λ
λ
 = − + −

= − − −
Calculation (3) 
1
1
2
2 2
0 0
0 0
P P
b b c
A
b b c
λ
λ
− =
 − + − 
Λ
 Λ = =     − − − 
Diagonal（ ）
2 2
1 2
1 11 1
P
b b c b b cλ λ
  
= =     − + − − − −   
Calculation (4) 
( ) ( )( )
( )( ) ( )
1
1
2
1 1 1 1
1 1 1
m
2
t s
2
i e
( ) ( )
2! !
2!
( ) ( )
2!
!
!
tA
n
n
n
t
n
P P
P P
tP P t P AP P AP P AP
t
t tI t
n
e
tA tA
P AP P AP P
e
t
AP
A
n
I
n
−
−
− − − −
− − −
−
Λ
=
 
+ + + ⋅⋅⋅+ + ⋅⋅⋅
Λ Λ
+
 

Λ + + ⋅⋅⋅+ + ⋅⋅

= + + + ⋅⋅⋅+
+ ⋅⋅⋅ + ⋅⋅⋅
= ⋅
=

Calculation (5) 
1
2
2
22
1 1
2
2 2
1
2
( ) ( )
2! !
01 0 0
00 1 2!
0
0
0
! 0
0
n
n
t
n
t
n
te
e
e
t tI t
n
tt
t
n
λ
λ
λ λ
λ λ
λ
λ
Λ Λ Λ= + Λ + + ⋅⋅⋅+ + ⋅⋅⋅
   
= + + + ⋅⋅⋅   
     
 
+ + ⋅⋅⋅ 
 
 
=  
 
Calculation (6) 
( )
1
2
1 2 1 2
1 2 1 2
1
2
1 2 12 1
2 1
2 1 1 2 1 2
1 1 101
10
1
t
t
t t t t
t t
t
t
t
t
A P P
e
e
e e e e
e e
e e
e e
λ
λ
λ λ λ λ
λ λ λ λ
λ
λ λ λλ λ
λ λ
λ λ λ λ λ λ
Λ −=
−    
=     −−     
 − − +
 =
 − − − + 
Calculation (7) 
( )
1 2 1 2
1 2 1 2
0
2 11 0
2 12 1 1 2 1 2
( ) ,
( ) 1
( )
t t t
A
t
t t
t
t t
U t U
e e e eu t u
u t ue e e e
e
λ λ λ λ
λ λ λ λ
λ λ
λ λ λ λ λ λ
=
 − − +   
 =    − − − +    
2/ 4 0D b c= − ≠Case :

Jordan’s Canonical Form 
1
0
1
AP P
λ
λ
− Λ=
 
Λ =  
 
(Jordan Form)
Calculation (1) 
21 2
2
I A b c
c b
λ
λ λ λ
λ
−
− = = + +
+
0 1
2
A
c b
 
=  − − 
Calculation (2) 
2/ 4 0D b c= − =Case :
bλ = − (Double Root)
1 0 1 0
1 1
P
bλ
   
= =   −   
Calculation (3) 
1
1
0 0
1
P PA
b
b
λ
λ
− =
−   
Λ = =   − 
Λ
 
(Jordan Form)
Calculation (4) 
( ) ( )( )
( )( ) ( )
1
1
2
1 1 1 1
1 1 1
m
2
t s
2
i e
( ) ( )
2! !
2!
( ) ( )
2!
!
!
tA
n
n
n
t
n
P P
P P
tP P t P AP P AP P AP
t
t tI t
n
e
tA tA
P AP P AP P
e
t
AP
A
n
I
n
−
−
− − − −
− − −
−
Λ
=
 
+ + + ⋅⋅⋅+ + ⋅⋅⋅
Λ Λ
+
 

Λ + + ⋅⋅⋅+ + ⋅⋅

= + + + ⋅⋅⋅+
+ ⋅⋅⋅ + ⋅⋅⋅
= ⋅
=

Calculation (5) 
2
22
2
1
( ) ( )
2! !
1 0 1 2
0 1 0 2! 0
! 0
0
n
n n
t t
t
t
n
n
t tI t
n
tt
nt
e
e
e
n
teλ λ
λ
λ λ λ
λ λ
λ λ
λ
−
Λ Λ Λ= + Λ + + ⋅⋅⋅+ + ⋅⋅⋅
    
= + + + ⋅⋅⋅    
     
 
+ + ⋅⋅⋅ 
 
 
=  
 
Calculation (6) 
1
2
1 0 1 0
1 10
( 1)
t
t
A
t
t
t t
t
t
t
t
P P
e te
e
e te te
e t
e
e
e
λ λ
λ
λ λ λ
λ λ
λ λ
λ
λ λ
Λ −=
    
=     −    
 −
=  
− + + 
Calculation (7) 
2/ 4 0D b c= − =Case :
0
1 0
2
2 1
( ) ,
( )
( ) ( 1)
tA
t t t
t t
U t e U
u t ue te te
u t ue t e
λ λ λ
λ λ
λ
λ λ
=
 −   
=     − + +    

